Moduli of smoothness and growth properties of Fourier transforms: 

two-sided estimates 

D. Gorbachev and S. Tikhonov 

Abstract. We prove two-sided inequalities between the integral moduli of smoothness of a function 
on R'*/T'^ and the weighted tail-type integrals of its Fourier transform/scries. Sharpness of obtained 
results in particular is given by the equivalence results for functions satisfying certain regular condi- 
tions. Applications include a quantitative form of the Riemann— Lebesgue lemma as well as several 
other questions in approximation theory and the theory of function spaces. 



1. Introduction 

This paper studies the interrelation between the smoothness of a function and growth properties 
of Fourier transforms/coefficients. Let us first recall the classical Riemann-Lebesgue lemma: — >■ 
as |n| oo, where / G L^(T''). Its quantitative version, the Lebesgue type estimate for the Fourier 
coefficients, is well known Zy, Vol. I, Ch. 4, § 4] and given by 

l/n|<^;(/,^)^, /ei'(T^), (1.1) 

where the modulus of smoothness uJi{f,6)p of a function / G LP{X) is defined by 

^i(.f,S)p^ snp\\Ayix)\\^ l<P<oo, (1.2) 

\h\<s ^ ' 

and 

Aifix) = A|-i (A,/(x)) , Ahfix) = fix + h)~ fix). 
For the Fourier transform, the estimate similar to can be found in, e.g., |Trl) 

1/(01 <^;(/,^)^, feL\R''), (1.3) 

where the Fourier transform is given by 

m= I fix)e^^^dx, eeMf (1.4) 



However, unlike (jl.l[) the inequality (|1.3p cannot be extended for the range p > 1 (see section 17.21 
below). 

Very recently. Bray and Pinsky jBPH IBP2j and Ditzian [Dj] (see also Gioev's paper jGij ) 
extended Lebesgue type estimate for the Fourier transform/coefficients. We will need the following 
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avarage function. For a locally integrable function / the average on a sphere in R'' of radius i > is 
given by 

Vtf{x):^— f f{y)dy with Vd ^ 1, d>2. 

"^t J\y-x\=t 



For Z G N we define 



Theorem A. Let f e 



Vi,tf{x) 



21 



'^), d>2,andl<p< 2, 1/p+l/p' = 1. Then fort>0, I & N, 
i/p' 



min(l,t|e|)^'|/(OI 



d^ 



<||/-^,J||p, 1<P<2, 



and 



sup 



<i,m\r\m\ <ii/-^,t/ih 



Similar results were also proved for moduli of smoothness of functions on R and T'^ (see 
the rest of the paper we will assume that t > 0, I <E N, and 



if d > 2 and 



^iif,t)p = \\f-Vi,tf\\p, 
^i{f,t)p = i^i{f,t)p, 



6 = 2, 



1 



(1.5) 

(1.6) 
g). In 

(1.7) 
(1.8) 



if d= 1. 

The main goal of this paper is to extend inequalities (|1.5I) and (|1.6|) in the following sense. First, 
we prove sharper estimates by considering the weighted norm of min(l, i|^|)^'|/(^)|, that is, 



min{l,mr\f{0\ 



<ni{f,t)p, p<q 



(1.9) 



with the certain weight function u. Then varying the parameter q gives us the better bound from 
below of fli{f,t)p. In particular, ii q = p' we arrive at (|1.5p and (|1.6p . 

Second, we prove the reverse inequalities showing how smoothness of a function depends on the 
average decay of its Fourier transform: 



^iif,t)p 



< 



Li{u) 



(1.10) 



Third, we define the class of general monotone functions and prove that for this class the equivalence 
result holds: 



r!i(/,t)pX imn{l,mf'\f{0\ 



LP{u) 



(1.11) 



Note that for p = 2, this follows from (|1.9p and (|1.10l) in the general case (see also [BPl', 'GiJ). 

The paper is organized as follows. In Section 2, we prove inequalities (|1.9p and (ll.lOp when 
1 < p < 2 and p > 2 respectively. In Section 3 we study inequalities (|1.9p and (ll.lOp in the case of 
radial functions and we show that, with a fixed p, the range of the parameter q is extended. In Section 
4 we deal with the general monotone functions. Again, we prove inequalities (II. 9p and (jl.lOp under 
wider range of the parameter q than in the case of radial functions. Moreover, we show equivalence 
(jl.lip in this case. Section 5 studies inequalities (|1.9p and (|1.10p for functions on T'', d > 1. In 
Section 6 we obtain the equivalence result of type (|l.lll) for periodic functions whose sequence of 
Fourier coefficients is general monotone. Section 7 considers several application of obtained results in 
approximation theory (sharp relations between best approximations and moduli of smoothness) and 
functional analysis (embedding theorems, characterization of the Lipschitz/Besov spaces in terms of 
the Fourier transforms). 

Finally, we remark that inequalities between moduli of smoothness and the Fourier transform in 
the Lebesgue and Lorentz spaces were studied earlier in [CI and [GKj . 
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2. Growth of Fourier transforms via moduli of smoothness. The general case 

The following theorem is the main result of this section. 
Theorem 2.1. Let f e Lp{R'^), d>l. 

(A) Letl <p<2. Then for p< q < p' we have g 2,9 (Rd)^ and 

(^^^ [min(l,t|eirie|'^(i-i/''-i/')|/(Of < M.f,tV (2.1) 

(B) Let2<p<oo, e Li{W'), q > 1, and m£ix{q,q'} < p. Then 

(^^^ [min(l,t|e|)^'|^|'^(i-i/^-i/*)|/(Ol]' df) > (2.2) 

Remark. Theorem A follows from Theorem 12.11 (A) (take q = p'). In part (B) we assume that 
for / e LP{R'^) the Fourier transform / is weh defined and such that Vp-i/9)/(^) ^ L9(R'^) for 

a certain q > 1 satisfying maxjq, q'} < p. 

Proof of Theorem 12.11 We will use the following Pitt's inequality |BH) (see also |GLT| ): 

i/q / r \ 1/ 



^-7 = d(l-i-ij, max|o,d Q + i - ijj < 7 < ^, l<p<q<oo. (2.4) 



where 



Here the Fourier transform 7j is understood in the usual sense of weighted Fourier inequality 
see, e.g., [BLl Sect. 1, 2]. 

Let us write inequality (|2.3p with change of parameters g-H-f,p-H-q, (3-n- —7. Let \£,\^'^f{0 & 
L«(R''), then 

{L (l^l^'l^^^)')' '^^)' ' > '^^)' (2-5) 

where 

/3-7 = dfl-i-i), max|o,d ( - + i - 1 ) 1 < < -, 1 < g < p < cx). (2.6) 
\ P qj I \P 1 J ) P 

The case ofd>2. Then by dTj]), !);(/, t)p = ||/ - V^,i/||p, 9 = 2. Let us write the left-hand side 
in (|2T]| and (l2T2t as 



/:=||min(l,t|e|)2'Me)||,, MO - ICr^'-'/^-'/^^ 1/(01. 
In [DDI Cor. 2.3, Th. 3.1], it is shown that for / e LP{R'^), I < p < 00, t > 0, and integer I, 

\\f^Vuf\\p-Ki{f,A,t'%>,Ri{f,A,t^%, (2.7) 

where 

if,(/,A,t2')p :=inf{||/-.9||p + t2'||A'.9||p: A'geLf(R'^)}, 
the Laplacian is given by A = -f . . . 4- 



(2.8) 



i?i(/, A,t2')p := 11/ _ i?,,,,(/)||p + <2'||A'i?A,;,fc(/)||p, 
A = l/i, b>d + 2. 
Here (see [DDI Sec. 2]) 

RxMf){x) = (Gaj,6 * f)ix), GxMx) - A'^Gi,6(Ax), Gr6(e) = mM\), 

where 

77,,b(,s)=.(l-s2')^, s=|e|>0, (2.9) 
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and 



Also, 



||GA.;,fc(a;)||i = \\Gi.b\\i < oo. 
Taking into account that, for 6 > 0, 

77i,6(s) - 1 - 6s^', s^O, 7y,,fc(s) = 0, s>l, 

we obtain 

1 - '7i,fc(s) - min(l,s)2', s > 0. 
Changing variables 6 o 5 + 1 gives 

min(l,s)2' X 1 -7y,,b+i(s) = 1 - (1 - s2')77,,fc(s) I - md^) + s^^ViA^)- 

Therefore, 

/ = ||min(l,t|^|)^'MO||, II [1 - + MOll, • 

Define 

Note that both hi and /12 are non-negative. For non-negative functions we have 

\\hi + h2\\g X \\hi\\g + \\h2\\q, 1 < g < 00. 

This, (11331), and ({2141) yield 



(2.10) 
(2.11) 



(2.12) 

(2.13) 
(2.14) 

(2.15) 



or, by ^M, 



1^1^(1 



-l/p-l/g) ir /■ _ 



i[/-i?A,.6(/)r(e)i +t'' iei'^(i-i/^-i/^)|[A'i?,,,,(/)]-(e)| 



(2.16) 



Now to prove (A), we assume that p < q and we use (|2.16p and Pitt's inequality (|2.3p with 
/? = 0. In this case j = d (^^ + ^ - 1^ and 7 > (see ([^ V The latter is ensured by g < p'. Then 

|^|d(i-i/p-i/9) e i«(R'') and 

/<ll/-i?A,;,6(/)||p + t'lA'i?A,,,b(/)||^. 

Combining this with (|2Jl) . and we get (A). 

In part (B) we assume that q < p- Inequality (I2.2p follows from (|2.16p and inequality (|2.5p for 

^ = 0. In this case, by (|2^ . 7 = d + i - 1^ and max{0,7} < 0, i.e., 7 < 0. The latter is g > p' 

or, equivalently, q' < p. 

The case of d — 1. According to (jl.Sp . we have ^i{f, t)p = uji{f, t)p and 9 — 1. The proof of key 
steps is similar to the proof in the case of d > 2. The only difference is the realization result ( [DHIj ) 
given by 

^K/,i)p ^ inf (11/ - .g||p + i'||.9^'^||p: .9^'^ £ E, nLP(R)) x \\f - .9a|Ip + t'lLgi'^Hp, A = 1/t, 
where is the collection of all entire functions of exponential type A and g\ G E^ is such that 

\\f ~ gxWp < Ex{f)p -.^ inf \\f-g\\p. 

Since l|g^'''||p >; ||p, 1 < p < 00, where H is the Hilbert transform [Titl Ch. 5], then u!i{f,t)p x 

11/ 5a|Ip + ^'IIAsaIIp, where Di = {id/dxY for even / and Di = —iH{id/dx)'' for odd /. 

Let x\ ■= X[o,A]- As Hille and Tamarkin [HT' showed, if S\{f) is the partial Fourier integral 
of /, i.e., 

[^A(/)r(c) = xA(iei)7(0, (2.17) 

we have 

I|5a(/)|Ip<||/|Ip, i<p<oo. 
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Then (see also [Timj ) g\ can be taken as S\{f), that is, ||/ — S'a(/)||p < E\{f)p. Therefore, for 
1 < p < oo, 

wz(/,i)p - 11/ - ^a(/)||, + t'\\S^^Hf)\l - - Sxif)\\p + t' \\DiSx{f)\\j, , 

where 

[s^x\f)no = (-*o'xA(ici)/(e), [Dis.ifTio - \c\'xxm)m- 

For s > we have min(l, sY — I — Xi{s) + s''Xi{s) and xi(ts) = Xa(s), which gives 

min(l,is)' = 1 - xx{s) + (^s)'xa(s). 
This, (EH]), (ETfl) . and (l^jg)) imply 



min(l,t|e|)'|e 



i|^|l-l/p-l/9| 



1/(01 = [i-XA(ici) + (iiei/xA(iei)] lei 



/(C) I 



i-xa(|C|)]|/(OI 



l-l/p-l/g 



(i|ei)'xA(|C|)|/(OI 



[/-^A(/)r(e)i 



\e-'^''-'/'msx{.f)rm , (2.21) 



(2.18) 
(2.19) 

(2.20) 



which is an analogue of p.l6p . Then as in the case of d > 2 we continue by using Pitt's inequality 
(|2.3p and its corollary p.Sp with /? = and d = 1. This concludes the proof of the case d = 1. □ 



3. Growth of Fourier transforms via moduli of smoothness. The case of radial functions 

Theorem 12.11 was proved under the condition l<p<q<p'<oo (A) and 1 < max {5,(7'} < p < 
00 (B). When d > 2 these conditions can be extended if we restrict ourselves to radial functions 

fix)^foi\x\). 



The Fourier transform of a radial function is also radial /(^) — -Fb(ICI) (see |SW| Ch. 4]) and it 
can be written as the Fourier-Hankel transform 



Fois) ^IS^'-'l h{t)jd/2-i{sty-' dt, 
Jo 

where ja{t) = V{a + l)(t/2)^" Ja(i) is the normalized Bessel function {ja{^) = 1), a > ^1/2- Useful 
properties of J a can be found in, e.g., [AS| Ch. 9]; see also |GLTj for some properties of ja- 

Theorem 3.1. Let f e LP(M'^) be a radial function and d>2. 

(A) Letl <p<q < 00. Then, for p < q<ooor-^<p<2,p<q<l^ 



i(l,t|C|)2'|e|'^(i-i/^-i/«)|/(0| 



d^ 



1/9 



< 



ll/-^,t/llp- 



(B) Let2<p<oo, 



\^\d{i-i/p-i/q)Ji^^) ^ Lq(^^d^^ q-^ I an(imax|g,d(^ - i) ^| 



< p. Then 



1/9 



> ll/-^,t/llp- 



Remark. 1. Formally, when d = 1 conditions in Theorems 13.11 and 12.11 coincide. However, note 
that no regularity condition was assumed in Theorem 12.11 

2. The range of conditions on p and q in Theorem 13.11 is wider than the corresponding range in 
Theorem [O for d>2. 

Indeed, in Theorem 12.11 (A) we assume the following conditions: 1 < p < 2 and p < q < p' ■ If 
P < -TTT, in Theorem O (A) conditions are n < o < 00. If 7^ < n < 2, then ~ -] ^ > p' ■ 
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In its turn, in Theorem l2.1l fB) we assume that 2 < p < oo and max {q, q'} < p. If q < 2, then p > 
and max|g,d(^^ - i) ^|=^^(^-i) ^ < g'. If 2 < g, then max jq, d - i) = g. 

Hence, we get max l^q,d ^ q) | — ^^^^'^ 

Proof of Theorem 13.11 The proof is similar to the proof of Theorem 12.11 but we use Pitt's 
inequahty for radial functions. We also remark that for a radial function /, functions / — -Ra. /,&(/) 
and A''R\j^t{f) are radial as well. 

De Carli |DC| proved Pitt's inequality for the Hankel transform. In particular, this gives inequality 
(|2.3p for radial functions. As it was shown in |DCj . in this case the condition on 7 is as follows 

d d+1 fill d , , 

max <-,— >< 7 < -, 1 < p < g < cxD. (3.1) 



q 2 [p q' ) q 

Therefore, (|2.5p for radial functions holds under the condition 
d d+1 filled 

hmax<^ -, — ^ < < -, l<q<p<oo. 3.2) 

p 2 [q P' } P 

We will use ([33]) and ([S^ with /3 = and 7 = d + | - l). 

To show (A), we assume p.ip . that is, the following two conditions hold simultaneously 

d~l 1 d d-1 1 d 

h - < -, \ < -. 

2 p p 2 q' p 

If d > 2, the first condition is equivalent to p < 2. If p < -j^, then the second condition is g < 00. If 

■j^ < P < 2, then respectively q < - . 

Let us verify all conditions in (B). We assume p. 21) . or, equivalently, 

d d+1 1 d d+1 1 

— + - < 0, — + — < 0. 

p 2 q p 2 p' 

If d > 2, the second inequality is equivalent to the condition p > 2. The first inequality can be rewritten 
under which needed Pitt's inequality holds. □ 



as p> d ^^Y^ — ^ ■ Since also p > q, we finally arrive at condition max l^q, d (^^^ ~ 9) j" — 



4. Growth of Fourier transforms via moduli of smoothness. 
The case of general monotone functions 

The following equivalence holds for p = 2 (see |BP1| . [Di], [Gl] and Theorem O (A, B)): 

(^^^ [mmii,mf\m\y de) - m.t)p. (4.1) 

where V,i{f,t)p and 9 are given by (|1.7I) and (ll.Sp . 

In this section we show that similar two sided inequalities also hold for -^p^ < p < oo provided / 
is radial, nonnegative and regular in a certain sense. 

4.1. General monotone functions and the GM'^ class. A function ip{z), z > 0, is called 
general monotone (if £ GM), if it is locally of bounded variation on (0, cx)), vanishes at infinity, and 
for some constant c > 1 depending on if, the following is true 

\Mu)\< f ^-^^^du<oo, z>0 (4.2) 



' z/c 

(see [GLTj V Any monotone function vanishing at infinity satisfies GM-condition. Note also that (|4.2II 
implies 

I^WI< r^^du. (4.3) 

Jz/c u 
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In particular, the latter gives, for any b > 1, 

Jz/{bc} 



hu 



u/b 



dv du. 



(4.4) 



We will also use the following result on multipliers of general monotone functions. 



Lemma 4.1. Let (p S GM and a function a{z) be locally of bounded variation on (0, oo) such that 
lim^_,.o Oi{z) = and 

\da{v)\<\a{u)l m > 0. 



Then (pi — ouf G GM . 

Proof. By definition of GM, it is sufficient to verify 



\dipi{u)\ 



< 



du, z > 0. 



(4.5) 



First, 



and, by (|4.3p . we get 



\^H\\da{u)\+ \a{u)\\d(p{u)\ =: Ii+ h, 



h 



\'p{u)\ \da{u)\ 



< 



OO I poo 



\^iv)\ 



dv \da{u)\ 



oo / pcv 



z/c \J z 



\da{u) 



\piv)\ 



dv. 



To estimate I2, using 

\aiu)\ = 

and condition f|4.2p . we have 

poo 

l2<Hz)\ / \dp{u)\ + 



a{z) + / da{v) 



< 



1*^(^)1 + / \da{v)\, u > z, 



00 / /'U 



|dQ;(w)| ) \d(p{u)\ 
\ip{v)\ 



\ip(v) 



■dv + 



dv 



00 / 1^00 



00 / /'OO 



\dip{u)\ ) |(ia(-y)| 
\ip{u)\ 



Therefore, since 



we arrive at 



\a{z)\ 



\a{z)\ 
da{v 



v/c ^ 

Mv)\ 



■ du \da{v)\ 



dv 



00 / pClL 



z/c \J z 



\da{v)\ 



\ip{u)\ 



du. 



< / \daiv)l 



I<h+l2< r r \da{v)\\^-^^dv< r ( r\da{v)\ 

J z/c \ Jz J V J^/^ \Jo 

Finally, the integral condition on a concludes the proof of (|4.5p . 



dv. 



□ 



Let GM'^, d> 1, be the collection of all radial functions f{x) = /o(|x|), x £ R'', which are defined 
in terms of the inverse Fourier-Hankel transform 

led— 11 roo 

Fo{s).u/2-i{zs)s^'' ds, (4.6) 



Mz) = 



{2n) 



where the function Fq G GM and satisfies the following condition 



''-'\Fo{s)\ds+ s'^''-'^/^\dFo{s)\< 



00. 



(4.7) 
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Applying Lemma 1 from the paper jGLTj to Fq, we obtain that the integral in ()4.6|) converges in the 
improper sense and therefore /o(z) is continuous for z > 0. In addition, _Fo is a radial component of 
the Fourier transform of the function /, that is, /(^) = Fo(|^|), ^ € M''. 
Let us give some examples of functions from the class GM'^. 

Example 1. Let / e C{R'^) n Lp(M''), where 1 <p< 2d/{d + 1) for d > 2 and p = 1 for d = 1, 
be a radial positive-definite function such that Fq € GM. Then / e GM'^. Indeed, / is continuous 
function vanishing at infinity and / > [SWl Ch. 1]. From continuity of / at zero we get / G L^(M'^) 
[SWl Cor. 1.26], i.e., s'^-'^\Fo{s)\ ds < oo. Since any GM-function Fq satisfies f fGLTl p. Ill]) 

/ s"M^o(s)| < / s"~'\Fo{s)\ds, a>0, 

Jl Jl/c 

then, using {d — l)/2 — 1 < d ~ 1, we get 



1 

s" 



''-'\Fois)\ds+ s('*~'^/'|dFo(s)| < / s''-'\Fois)\ds<oo 



Therefore, condition (|4.7p holds, that is, / e GM'^. As an example of such function we can take 
f{x) = (1 + and the corresponding Fq{s) — Cde~^ . 

Example 2. Take J{x) = jd/2{\A) (for d = 1, f{x) = Then Fo(s) = cxi(s) e GM and 

condition (|4.7p holds, i.e., / G GM''-. Moreover, we have (see, e.g., |GLT| ) 

3d,2{z)-l, 0<z<l, \3d/2{z)\<z-^''^^'^'\ z>l, 

and 

oo 

\3d/2{z)\ > z-'-'^+^^Z^, ze[J [pd/2M+£,Pd/2.k+l-£] , 

fe=l 

where pa,k positive zeros of the Bcssel function Jq, inffc>i {pd/2,k+i — Pd/2.k) > 3e > 0. This implies 

/eLP(R'i) ifp> ^. 

Example 3. Let Fq{s) e GM and iCl'^^^^^^^^^/'^'^bdCI) e l<q<p<oo, -^<p. 

Then, using statement (A.l) below, condition (|4.7p for Fq holds, / is defined by (14.61) . and / G 
GM'' n LP{R''). The fact that / e LP{R'') follows from Pitt's inequality dMl) (take ^ = 0). 

4.2. Two-sided inequalities. 

Theorem 4.1. Let f e GM'^ n Lp(R'^), d > 1. 

(A) // / > anrf 1 < p < g < oo, f/ien 

(^^^ [min(l,i|^|)^'|e|'^(i-i/^'-i/'')|/(e)|]' d?) < ^i{f,t)p. 

(B) // |^|''(i-i/p-i/?)/(^) e L'?(R'^), l<g<p<oo, ^<p, t/ien 

(^^^ [min(i,tiei)^'ier('-'/^-'/«) 1/(01]" de) > f^i(/,t)p. 

Remark. Conditions on p and g in Theorem 14.11 (A. B) are less restrictive than corresponding 
conditions in Theorem l3.1l It is clear for (A). Since < d (^^^ — , conditions q < p and < 

p in Theorem 14.11 (B) are weaker than max <^2,q,d[ ^^-i — ^ ) f" < P, which is the corresponding 



condition in Theorem 13.11 (B). 

In case oi p = q Theorem 14. II gives the following equivalence result. 
Corollary 4.1. If f e GM'^ r\ Lp{R'^), d > 1, f> 0, < p < oo, then 



p X I/P 
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Example. Take f{x) = jd/2{\x\) (see Example [2|) . By Corollary 14.11 for < < < 1 and ^ < 
< oo, we have 



4.3. Weighted Fourier inequalities. To prove Theorem 14.11 we will use several auxiliary re- 
sults from the paper [GLT . 

Let d > 1, 1< p, g < oo, ;3 - 7 = d (l - i - i) , g{x) = 5o(kl), and g{0 = Go{\^\). 
(A.l) If 50 e GM, p<q, and 

d d+1 d 

TT- < 7 < 

q 2 q 

then the following Pitt's inequality holds |GLT1 Th. 2 (A)] 

m-''9{o\\,<M'9{^)\\,- 



Then changing variables g f , p -fr^ and /3 o —7, we get 

d d+l 



IN^/(^)II < i?rv(c) 



„ <-^<-, q<p. 
2 p 



(4.8) 



q p 

Here /(O = Fo(|C|) and Fq G GM. Note [GLTl Sect. 5.1] that the condition |^r'^/(0 e Li{R'^) 
implies condition ()4.7p . 

(A. 2) Let 5o G GM, 50 ^ and go satisfy condition (|4.7p . Then if g < p and 

d d+l 
< 7, 



then [GLT] Th. 2(B)] 



lier^?(o|| >||ki^ff(x)| 



Again, changing variables 5 o /, p o g, and /3 o —7, we arrive at 



ki^/(x)|| > lerv(e) 



d <i+ 1 



< P <q- 



(4.9) 



Here /(^ = Fo{\^\) > and Fq e GM^ 

From (A.l) and (A. 2) (see also [GLTl Th. 1]), for a non-negative GM-function Fq satisfying 
condition (14. 7p . we have 

i\'^'~'^'^m\l^\\fi^)K, ^<P<cx). (4.10) 
(A.3) Let 50 > 0. For 2 > we get (see [GLTl formula (53)]) 



bu 



9o{v) 



dv du < 



u/b 



2bc/z 



lz/(bc) 

where 1 < 6 < Pd/2S- 

(A. 4) The following inequality was shown in |GLT| pp. 115-116] 



(•i-^)/^-! v^''~'^/'\Go{v)\dv^ du, (4.11) 



p 1 i/p 



1^^" „(d-i)/2-i z('^-i)/2|Go(z)l dz^ dv^ du 



< 



[\xr\g{x)\Ydx 



1/9 



d d+l 



< 7, q<p. 



Noting u-7P+<ip/g-dp-i 



' g 2 

■^"^ and changing variables 'g ^ f , p -(r^ q, f3 ^ —7, we obtain 

1/9 



7 [w''i/(-)i]'^ 



d d+l 



<-/3, p<q. (4.12) 
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4.4. Proof of Theorem SIT] in the case d>2. Let t > 0, / G GM"* n LP(M''), f{x) = fo{\x\ 
and /(^) = -Fo(ICI)- Note that Fq e GM. We use notations from the proof of Theorem 12. II 
First, we prove (B). Let e L«(K''). We have 



Then inequahties 



\d{l - iXb{tv))\ X t^' / i;"'-^?7i,6_i(to) < t 



2i-l„ 



,21 



X min(l, ctuf'^ x 1 — r]i.b{tu), 6 > 1, 

and Lemma l4.ll implv that the fmiction [1 ~ rii^i,{ts)] Fo{s) = [i- — 'ili-b{t\£,\)] f{£,) is a GM-function. 
Using Pitt's inequahty (|48l) for /3 = and 7 = d (^i + | - 1^ yields 



1^1^(1 



-l/p-l/g) 



for 



[/ - i?A,/.b(/)r(e) > ii/-i?A,/.6(/)iip 

2d 



P > 



d+1 



, q<p- 



(4.13) 
(4.14) 



Since 77/,6(s) = when s > 1, then {ts)^^rii^b{ts) = min (l.tsf'riibits). This and ([2J0)) give 
i-iyt^' [A'i?A,/.6(/)]10 =»//.&(is)min(l,is)2'Fo(5), s = 

Also, since 77/,b(^lCl) = G;,A,b(C), then 

(-l)'t2' A'i?A,/.6(/) = Gx,Lb * h, h{0 = min(l, t\^\f Fo{\S,\) . 
Using Young's convolution inequality, we obtain 

||t2'A'i?A,/.6(/)||p < ||Ga,/,6||i||/i||p = ||G^6||l||/l||p < \\h\\p. 

We remark that 

min(l,ts)2'Fo(s) £ GM. 

This follows from the estimate 

/'min(cu,l/i) 



(4.15) 



|dmin(l,to)2'| xt^' 



and Lemma |4. II 

Using again Pitt's inequality (j4.8p . we have 



f^' ^ dv min[(ciu)'^', 1] >; min(l, tu) 



21 



(4.16) 



|^|d(l-l/p-lA);^(^) > \\h\\, > ||t2'A'i?A,,,6(/)|l . 

Adding estimates (|4.13|) and (|4.16p . we get 

11/ - Vi^tfW, X 11/ - i?A,/,6(/)||p + t'' \\A'RxMf)\l ^1 + ^ ^ ^- 

This and (|4.14p give the part (B) of the theorem. 

Let us now prove the part (A). If p < ^^j-, the proof follows from Theorem 13. II Suppose /(^) = 
Fo{\£.\) > 0. By [DDI Lemma 3.4], 

[f-vufno^ii-nnitmm, 

where the function mi{s) satisfies for d>2 the following conditions 

< Gis^' < 1 - mi{s) < C2S^\ < s < TT, < mi{s) < Vd,i < 1, s>tt. 

This gives 

1 -to;(s) X min(l,s)2', s > 0. (4.17) 
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Define h{x) = f[x) — Vi^tf{x) and its radial component by ho := Go. Using ()4.1ip for the 
non-negative function go{s) = [1 — rni(ts)] Fo{s), we obtain 



„-. /'" »a 

Jz/ibc) \Ju/b ^ 

Using (|4.17p . we get 



J(z) 



dv du < 



bu 



2bc/z 



(d-l)/2-ll „(d-l)/2|/j^(„)|rf„]rfy. (4.18) 



/(6c 



min(l, to)^'Fo(w) 



du, z > 0. 



/b 



where, by (|4.15p . min(l, to)2'Fo(w) £ GM. Therefore, (|44l) for z > yields 



iin(l,te)2'i^o(2) < Jiz). 



Further, the latter and (|4.18p imply 







ri 


Jo 



< 



(1-1/p-l/g) 



^d(i-i/p-i/9) niin(l,te)2'Fo(z) 
i/« 



1/9 



J(z) 



z'^^^dz 



< 



2bc/z 



9 \ 1/9 



Changing variables 2bc/z — z, we obtain 



/ < 



^-qd{l-l/p-l/q)-d-l 



(rf-l)/2-l / „('^-l)/2|/,o(„)|d«)du 



9 \ 1/9 

dz 



(4.19) 



Let us now use (|4.12[) for /3 = and j = d (- + - — 1] . Since, in this case 



P 9 

^-gd(l-l/p-l/g)-d-l ^ ^97-d-l 



(4.20) 



inequalities (14.19^ and (|4.12p give 

^< (^JjHxrdx^ = \\f-Vufi. 

when ^ — < and p < q. The latter is < P < q- The proof of (A) is now complete. □ 
4.5. Proof of Theorem 14.11 in the case d = 1. We follow the proof of Theorem l2.1l We have 
uiif, t)p X inf (ll/ - g\\p + <' II.9W lip : £ n ^^(R)) , A = l/t. 
To show the estimate oi uJi{f ,t)p from above, that is, to prove (B), we take g\{x) such that 

?A(0-[l-(i|ei)']+/(0, b>i. 
Note that the function gx is analogues to the Riesz-type means R\j.b{f) and satisfies all required 
properties (I2.9p - (j2.12p with / in place of 21. In particular, 1 — [l — (is)']'^ x min(l,ts)'. Proceeding 
similarly to the proof of (B) in the case d > 2, we arrive at the statement (B) in the case d = 1. 
Let us now show (A). Let < p < q < 00 and / > 0. Equivalence (|2.18p gives 

iodf,t)p X 11/ - Sxif)\\p + 1' ||A^a(/)||, > \\hl , 

where f- Sx{f) + t^DiSxU). Moreover, h{0 = [l - xa(|C|) + (i^D'xAd^l)] ?{£,)■ Because of 
([2:201) and (|4T5l) with s > 0, we have h{C) = min(l, ts)'Fo(s) £ GM. Using then (|43]) with /3 = 0, 
we obtain 



^i{f.t)p>\\H> \e-"''-'''m = min(i,t|ci)'ier-'/^~'/v(o 



□ 
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5. Growth of Fourier coefficients via moduli of smoothness. The case of functions on T"^ 

Let / G LPiT^), 1 < p < oo, and 

fn= f /(x)e™^dx, neZ^ WfnWi.a-)- (jllJ^y 
In the paper [Di| Th. 4.1] the fohowing was proved 



1/9 



i{l,t\n\f'\U 



ip' (Z'^) 



where ni{f,t)p is given by (|1.7p and (jl.Sp with || ■ \\p = \\ ■ ||LP(Td)- 

The goal of the section is to obtain the generalization of this result which is a periodic analogue 
of inequalities (P?T|) -(I ^ . 



Theorem 5.1. Let f e L'p{T'^), d > I, 1< q < oo and -/ = d 



- 1 



(A) Letl<p<2. Then for p < q < p' we have {(1 + |7i|)-t/„} G ana 



min(l,t|n|)'^'(l + |n|)-T|/J 



(B) Let2<p < oo, {(1 + e l'^{Z'^), and ma.x{q,q'} < p. Then 



min(l,t|n|)'''(l + |n|)-''|/„| 



(5.1) 



(5.2) 



The proof of this theorem is similar to the proof of estimates ()2.ip - p.2p from Theorem 12.11 The 
key points are Pitt's inequalities of form 



and 



/n(l + ln|)-^ 



fn{l + \n\ 



< 



11 {Z'') 



I/1Ilp(T<^ 



> 



11 (Z"^) 



\Lv{fi) 



l<p<2 



P>2, 



(5.3) 



(5.4) 



under the corresponding conditions on q, as well as the realization results for the i^T-functionals in the 
periodic case (see |Di) and [PHI] ). 

Proof of (|5.3|) . Let us show that the proof of (|5.3p follows from Pitt's inequality for functions 
on M.'^. Note that 7 > 0. Let /* be the function on M'' such that /, = / on (— tt, tt]'^ and /* = 
outside (— tTjTt]''. Then 



I/*IIlp(r<*) — II/IIlp(T''): f*{0 



Jd 



Further, we use the results from fNi', Ch. 3]. For an entire function g of exponential type tre, 
(7 > 0, we have 

\\9\\ii(T.'i)<{l+(yY\\9\\Li{WL^), g>l- (5.5) 

Note that the function jf, is an entire function of exponential type 7re, where e = (1, . . . , 1) G W^. 
We cannot use (15. 5p since the weight function |^| , 7 > 0, is not an entire function. However, it 
is possible to construct a positive radial entire function of exponential (spherical) type such that for 
^1 > 1 this function is equivalent to |^| K 

We consider 



u G 



2j/ + 1 = 7 > 0, 



where is the normalized Bessel function. The function "0^ is an even positive entire function of 
type 1. Positivity of -07 follows from the fact that all its zeros lie on lines t ± i, i G M. The asymptotic 
expansion of Bessel functions |AS| formula 9.2.1] yields, for \z\ — > 00, 



(cos(z-c^) + C>(|z| 1)) 



Rez>0, |Im0|<l. 



This and ■07(0) > give i)^{u) x (1 + |u|)"'^, u G 
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Let us now consider the radial function V'TdCI); ^ G ^'^^ which is an entire function of (spherical) 
type 1, and therefore, of type e. Also, 

V'7(iei)>= (l + iem, eeK'. (5.6) 

Define g{£,) — /* (0^^7(1^1)5 which is an entire function of type (tt + l)e. Using (|5.6p . we get 



1/9 



Il9(r<') 



1/9 



< 



/*(oi^r 



1/9 



1/9 



Then by (|5.5p and Pitt's inequality for function on W^, we have 



Z'!(Z'') 



□ 



\LP(R'') — \\J llLP(T'')- 

Thus we have proved the Pitt inequality (|5.3p for function on T'^. 

Proof of (|5.4p . The following inequality is a consequence of [Nul Th. 7] and Hardy's inequality 
for rearrangements: 

ll/IUp^ (E I[i\k,\ + ^y^''-'\h\'Y\ max{g,g'}<p. (5.7) 

The latter immediately gives (|5.4p . We would like to thank Erlan Nursultanov for drawing our 
attention to his result (I5.7p . which simplifies the proof. □ 



6. An equivalence result for periodic functions 

A complex null-sequence a — {flnlneN is said to be general monotone^ written a G GA/, if (see 
|DT] ) there exists c > 1 such that (Aofc = a\, — Ofc+i) 



Ei^«^i^ E 

fc=ri fc=[n/c] 

Theorem 6.1. Let f e Lp{T), 1 < p < oo, and 



lOfel 

k 



n e N. 



f{^)^ E/ ('^" '''^^ '^■^ ~'~ ^" ^^'^ ' 



where nonnegative {a„}„gN7 {^n}neN are general monotone sequences. Then 



(6.1) 



We will use the following lemma (see | AWj ) . 

Lemma 6.1. Let 1 < p < oo and let Xl^^i cL^cosiyx be the Fourier series of f L^{T). 
(A) // the sequences {a„} and {/3„} are such that 

oo 



the 



ii^<E^'~'/3- 



(B) If a = {an} is a nonnegative sequence, then 



oo / 71 



E E 

n=l ^fc=[n/2] 



(6.2) 
(6.3) 
(6.4) 
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Proof of Theorem 16.11 First, we remark that since 1 < p < oo it is sufficient to prove that 



where 



V n/p 

n oo 



u—n+1 



f{x) ^ a„ cosnx, {a„}„eN e GM. 

n=l 

We will also use the realization result for the modulus of smoothness (see [DHIp . that is, 

^r(/, ||/(^) - Tn{x)\\l + n-'^f\\Ti'Hx)\\l, (6.5) 

where Tn{f) is the n-th almost best approximant, i.e., ||/(a;) ~ Tn{x)\\p < En{f)p. In particular we 
can take r„ as Sn = S'„(/), i.e., the n-th partial sum of J^kLi cos kx. 

Let us prove estimate of Ii and I2 from above. Since {a„} G GM, we have 



then Holder's inequality yields 

n ^ 00 \ p 

^1 E( E t) 

''=lS = [''/cl 
n y n 



J 



('+l)P-2+„p-l(^^ 



. 7 

^—1 ^j—u ^ j— n+1 

To estimate /2 ^^nd /a, we are going to use the following inequalities 

cxD 00 s n 2n ^ s 

E^^^E; E ^'^^ E"«^E; E °" 

s=n s=n m=[s/2] s=l s=l 

Then by Hardy's inequality |HLP| . we have 



^3^"-'^E(E^ e «™) 



1^=1 

2ji / i 



[j72] 



X'+l)p-2 



j = l V=[i/2] 



Then Lemma [6. II (B) and (|6.5p yield 



2n 



cos vx 



Further, using (j6.6p . (16.71) . and Hardy' inequality, we have 

00 / 00 \ p 00 yOO_.S \p 

E /-^( E t) ^ .5: ^■^-^( E ^ E «™) 



j=ri+l ^s=[j/c] ' i=n + l 

P 



^ E ^ 

s— [n/ c] 



s/2] 



E "™ ^ E ^ ' E " 



P 



s=2n ^m,= [s/2] 



2n 

ip \^ Jp-2 



■n '"Y^s 



E 



./2] 



(6.6) 



(6.7) 
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The last sum was estimated above. Again, by Lemma \6A] (B) and (|6.5|) . 



s=2n 



s/2] 



So, we showed that 



a,, cos z/x 



1 



n/ p 



To prove the reverse, we use Lemma lSTT] fA). the definition of the GM class. Holder's and Hardy's 
inequalities: 

OO y OO \ p OG y OO \ p 



j — 1 ^s—n ^ j—n ^ s—l 

yOO \ p OO y' OO \ p OO 

j=ln/c] 



where /Sj = ^ 



s=maxO-,„) l^a^l- Similarly, 



n p n ^ n 

^z/'a^cosz/x <n-'f ^j/P^2(^|A(s'a 



Further, 



J2 iA(s'a.)i < E + E < E + E ( E 



and after routine calculations, we arrive at 



IL It, '^JKJ 

EiA(^'«^)i;$ E ^"^«^+-'E^- 



s = \v/c 



Using this and Hardy's inequality, we get n '''||S'n''(/)|r Ii+ h- Finally, by (|6.5 



r(/,-) <h+h 



□ 



7. Discussion and applications 

7.1. Riemann— Lebesgue-type results. From Theorem A and [Dil Th. 2.2], one has the fol- 
lowing estimate of the Fourier transform 

\ i/p' / „ \ i/p' 



i/t<l?l 



V-^i?i<i/* / 

On the other hand. Theorem 12. II gives {p < q < p' , 1 < p < 2 

\ 1/9 



1/(0 r rfc <^iif,t)p, i<p<2. (7.1) 
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0lq+dq{l-l/p-l/q) 



1/(0 r^e 



?i<i/« 



1/9 



i/t<i?i 



(7.2) 

If g = p' (|7.2p reduces to (|7.ip . The following example shows that (17. 2p . in general, provides better 
estimates than (|7.ip . 



Example. Let f{0 = i^o(ICI), 

Ms) 



-dip' 



2d 



< p < OO. 



In2/f(2 + s)' d+1 

Note that Fq is decreasing to zero and therefore Fq £ GM. Also, it is easy to see that |0'^^^^^^''''/(0 G 
LP{R'^). Hence, as in Example [3] (for q = p) we get / e GM'' f) LP(R'*). 
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We have 

\Jm<i/t J \Jm>i/t J 

x[in(2 + iA)]-'/^+'/^ 

Then ([711 gives 

[ln(2 + p<2, 

and (|7.2p imphes (with q = p) 

[H2 + i/t)]-'^'' <ni{f,t)p, p<2. 

The latter estimate is stronger. Moreover, it is sharp since by Corollarv l4.1l we in fact have 



[In(2 + 1A)] '/^>cr!z(/,i)p, ^<p<^. □ 

7.2. Pointwise Riemann-Lebesgue-type results. For / e ^^(M'^) n LP(M'*), 1 < p < 2, the 
Riemann-Lebesgue inequahty 

\m\<mA/\^\)p (7.3) 

does not hold in general. 

Let us consider the case of d = 1 and I > 2. Define 



fix) = ^ antpnix), 1pn{x) = £„(^(£„x)e" 



nGZ 

2 



x/2 

a„ = (l + |n|)-3/2, = + l<a<3/2. 

Changing variables, we have 

Hence 

11/11, <^a„£n||^(£na:)||, x^a„4/?' <^(l + |nr3/2<oo, q>l. (7.4) 
nez nez nez 

This implies / e L^(]R) n L^'(R). The Fourier transform of / is written as 

Let us estimate l/t)p from above. We will use the realization result (see (|2.18p ) given by 

uji{f,l/t)p^\\f~St{m^ + t-'\\si'\f)\l, t>0, Kp <oo. (7.5) 

Since supp-f/'n C [n — £„, n + £„], then 

St{f){x) = E a„'(/'«(a;), f{x)-St{f){x)= ^ a„V«(a;). 
I"l<[*] l"l>[*] 
The function if and its derivatives are given by 

^^'Hx) = ^ yV - iei)He)'e-'«^d?, / e Z+. 

Then jt^f^'H^;)! < 1, a; G M. For |a;| > 1 we get 



<^(')(x)| 



I 



(2-)~^E(!-) [-n^(-/2)]'"'' [(-/2)-^]^^"^ 



3=0 



<1. 



Thus, jiyO^'H^;)! ^ (l + 2;^) and then 
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3=0 



I 



< 



1 + (£„a;)2 ^ \J 



£n{\n\ + £„)' 
l + (e„a;)2 ' 



Then we arrive at 

\\^ii^\U<i\n\+enys'J''' <il + \n\ye'J'^'. 
Using these relations and proceeding similarly to (|7.4p . we get 



||/-5,(/)||^< ^ a„4/^'= ^ (l + H)-3/^-"<i-V2-«^ 
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i"i<[*] i"i<[*] 

For Z > 2, a < 3/2 we get / - 3/2 - a > -1. Then t~^\\S^t''\f)\\p S t"^/^""- Finally, (US]) implies 



For any large enough t e N 



Since £ = 0; — 1>0, we finally get 



m - at^(O) = at X 



□ 



However, let us remark that for functions from the class GM'^ class, it is possible to obtain the 
pointwise bound of the Fourier transform. 



Corollary 7.1. Let f e GM'^ n LP(R''), d>l, /(O = Fo{\C\) >0, and -^<p< 00. Then 



Fo{t)<t-'"p'ni{f,i/t)p. 

Proof. Since / G GM'^, using (I4.3P and Holder's inequality, we get 



(7.6) 



u 



\ 1/P 



Then using Corollarv l4.1[ we have 



rl/t poo 

nP{f,t)p-t'''P s'''P+''P-''-^F^{s)ds+ s''P"'~^FP{s)ds 
Jo Jl/t 

and by (|7.7p . we finally get 



(7.7) 



(7.8) 



i/p 



□ 



t/c 
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7.3. Moduli of smoothness and best approximations: sharp relations. The following 
direct and inverse theorems of trigonometric approximation are well known (see e.g. [DLl p. 210], 
|DDTl Intr.]): 

-I (^E(- + ir'-X^(,f)pj 1^-if^-)^1^-,\^i- + ^f-'K{f)r>j . (7.9) 

where / G LP(T), 1 < p < oo, /, n G N, q = min(2,p), r = max(2,p), En{f)p denotes the n-th best 
trigonometric approximation of / in L^, and S)p is the L^-modulus of smoothness, see (|1.2p with 
X = T. 

We remark that (|7.9p is the sharp version of classical Jackson and weak- type inequalities ( [DLl 
p. 205, 208]) and it can be written equivalently as follows ([DDT]): 

t' (^j\--'-^cjl+,{f,u)pdv}j <oji{f,t)p<t' (^j\-^'-^ujl^{f,u)pdu^ . (7.10) 

Constructing individual functions shows ( [DDTj ) that the parameters q = min(2,p) and t — max(2,p) 
are optimal in (|7.9p and (|7.10p . For functions on [—1, 1] inequalities of type (|7.9p and ()7.10p were 
obtained in [El IDDTj . 

For functions on Lp{R'^), similar results were also proved for ilk{f,t)p and En{f)p, i.e., the best 
LP-approximation by functions of exponential type n (see [DDT| ). For example, an analogue of (|7.9p 
is given by 

II ■ lip = II ■ IIlp(R'')- 



Below we show that for functions from the class GM"^ we can completely solve the problem of de- 
scription of relationships between fi/(/, t)p and En{f)p as well as f2/(/, t)p and rii+i(/, i)p. 



ni{f,t)p^{t''p j\-''^n\^^{f,u)p'^^ +t"A{f)p, o<t<l, (7.11) 



Theorem 7.1. If f e GM'^ n LPiW^), d > 1, f > 0, and < p < oo, then 

i/p 

-^ ^^'/ICfV,, n < t < ^ 
where A{f)p := \\\S.f''^'^^'^~^^P'>Xii\^\)fiO\\p < ^lif, l)p- In particular, we have 

^oip j'^ u~'iPn^^,{f, u)p^^ < n,{f, t)p < l^t"^" I' u-'^'P17f+,(/, u),^) + t"^ \\f\\p 

and 

^ (^E2'^'-i?f.(/)pj < n,(f, < ^ (^E2'^'-i?f.(/),j + ^11/11,. (7.12) 

Remark 1. In (|7.1ip one cannot drop t^^A{f)p. Indeed, consider 

Then 

nP{f,t)p-t''P s'''P+''P~''-^FP{s)ds>it<''P s'''Pds^t''Pn-''P~\ 



Using this, 

^fSip ^9p^-e{i+i)p-i^ 
u It u 



^eip u-o^PnP^^^f^u)p'^^t''P ^»p„-e('+i)p-ili^^i«'f„-«('+i)p-i^ 
Hence, writing 



we arrive at a contradiction as n oo. 
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Proof of Theorem 17.11 Using Corollary 14.11 we get 



and 



du 



lit 



9p~l 



s'^P-'^-^FP{s)ds 



du 



du =: hit) + hit). 



Then 



i/t 



Jl 



0(l+l)p+dp-d-l 



FP{s)ds 



du 



' ^^eii+i)p+dp-d~ipP^^^ _^ ^eip ^e(i+i)p+dp-d-ipp^^^ f'^' ^^Op-i 



<Mt) 



and 



h{t)^t'>'P u'^P-' 



i/t 



i/t 



dp-d~l 



FP{s)ds 



du 



pl/t nS poo 

^^eip / sdp-'i-ii^P(s) / u«'P-iduds+ / s'^P-'^-^FP{s)ds 
Jl Jl Ji/t 

<Jl{t) + J2{t). 

Using again Corollary 14. 11 



Mf)p 



eip+dp-d~l 





min 



F^is)ds^ <(^J^ s'^P-'^-^ mmil,sy 'PFP{s)ds^ 



i/p 



p 



Moreoyer, AP{f)p < Ji{t). Thus, 

Iiit) + h{t)+t''PAP{f)p < J,it) + .Mt). 

To proye the inyerse inequality, we first remark that s^^p < J^^^ u^^P^^du, 1 < s < l/(2t) and 
therefore using (|4.10l) . 

Ji{2t)<t'''P j\<''P+''P-''-^FP{s)ds + t''P 1"^'^^'^'+^'^^^^^ (j^\~'P'Uu\ ds 



Also, 



<t''PAP{J)j, + h{t). 



< I s''P-^-'FP{s)ds 

'l/(2t) 

»l/t 



< 



i/t 

sip / „»'p-i 



1/(2*) 



-d-1 



Fq{s) ds du 



'l/(2t) 

< hit) + hit). 

Finally, to yerify (TTT^ . we apply jDDTi (5.7) and (5.8)]. □ 
Using ()6.ip . we state the analogous result for periodic functions; compare with (|7.9p and ()7.10p . 
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Theorem 7.2. Let f e Lp{T), 1< p < oo, and 

oo 

f{^) ^ ^^('^n cosna; + b„ sinnx), 

n=l 

where non-negative {an}neTh {bn}nefi o,'"'^ general monotone sequences. Then 

i/p 

C\ <r t <r 

2 



uJi{f,t)p:< (^t'P j\-'Pojf^,{f,u)p^] '\ Q<t<l. 



In particular, 

where E^{f)p is the best -approximation of f by trigonometric polynomials of degree v. 

Note that similar equivalence results for continuous functions were obtained in [Tiki Ths. 5.1, 

5.2]. 

7.4. A characterization of the Besov spaces. For 1 < p < oo and r, r > 0, define the Besov 
space i3p the collection of functions / G L*'(R'') such that 

l/r 

';_^(K'i) = II/IIlj'(R'') 



f / t 

where < r < 61. Similarly we define the Lipschitz space Lipp(R'^) = ^{M.'^), i.e., 
ll/llLip;(K<^) = II/IIlp(k^) + sup ^MMz , 0<r<ei. 

It turns out that it is possible to characterize functions from the Besov space ^{M.'^) in terms 
of growth properties of their Fourier transforms. 

Theorem 7.3. Let d > 1, 1< t < oo, and < p < t. If f e GM'^ n LP{R'^) and f>0, then 
a necessary and sufficient condition for f € is 



POO 

/ ds < OO if 1< T < 



oo (7.13) 



and 

sn^y s'+'^-'^/P Fo{s) <oo if T = QO. (7.14) 

S 

Proof. The case of 1 < t < oo. Let first (fTTO)) hold. By we get 

I/Ib;,, -Ki+K2 + K; := t'^ei-r)r-i f^J^' /'p+'ip-'i-ij7P(s) ds^ dt 









j dt + 










Ji/t 



Then by Holder's inequality with parameters a = r/p and a', we get 

Ki< [ s''^+'^^-'^^'P-^F^{s)ds. 
Jo 

By Hardy's inequalities (see e.g. [BShl p. 124]), we have 

poo 

K2 + K3S / s'-^+''^-'^^^P-^F^{s)ds. 
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Let / G B;^^{R''). By 



s c 



Therefore, making use of this, we have 

r/p 



rl / poo \ t/p pi 



Finally, since 



^|d(i-2/p)j(^) < iijii^ (ggg dnni)), (Tmi holds. 



The case of t = 00. Let first (frTij) hold. Then by ([LH]), fTM]) yields 

rl/t poo 

Jo Ji/t 

i.e., / G Lip;(M'^). 

On the other hand, if / G Lip^(M''), we use and (HiH]) 

nOO 

FSis) S s^'"^" / FP{u)u^P-'^-^ du < s'^-'^PnP{f,l/s)p < s'^-'^P^'-P, 

Js/c 

which is (fTTil) . □ 

7.5. Embedding theorems. The following Sobolev-type embedding result for the Besov space 
with the limiting smoothness parameter is well known: ^ ^ L*, r = — i) (see, e.g., [Pel 
(8.2)]). Theorem 17.31 gives the sharpness of this result in the following sense. 



Corollary 7.2. Letd>l and < p < q < 00. If f e GM'^ n LP{R'^) and f >Q, then 

■1 1^ 



feB;jR''), r-d(i-i) ^ feL'^iR"). (7.15) 



Proof. To show ([7^5)1 . we combine Theorem O and || |S|''(^~^/p^/(0 || ^ II/IIp, ^ < P < 
(see (jTTU)) '). □ 

Note that the embedding B^ ^ ^ L'^ is equivalent to the sharp (Ul'yanov) inequalities for moduli 
of smoothness in different metrics, as recently shown in [Tr2[ Th. 2.4]. 
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